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The so-called exponential-type operators include the most important 
approximation processes of Bernstein, Szasz-Mirakjan, Baskakov, etc. Their global 
behaviour in the weighted case was settled by K. Sato. Now we describe their 
approximation theoretical properties from the point of view of global uniform 
approximation. 11 1988 Academic Press, Inc. 
1. INTRODUCTION 
Let {A, Bj be a closed, half-closed or open interval, the corresponding 
space of continuous and bounded functions will be denoted by C{A, B). 
C. P. May [4] introduced the concept of exponential-type operators 
Ln(f; x) = j”; WA x, u)f(u) du, 
where W(;l, X, 14) 2 0 is a function or generalized function on {A, B} such 
that 
s B WA x, u)du= 1 A 
and 
& WA x, u)=L W(A, x, u)(u-x) 
4l.l 
are satisfied with a polynomial q2 of degree < 2, ‘p2 > 0 on (A, B) and 
cp(A)=O, q(B)=0 if A, B# &-co. 
Ismail and May [3] determined the general form of exponential-type 
operators. There are essentially six types of operators which, after using a 
normalizing change of variables, are the following: 
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1. cp(x) = 1, {A, B) = (-co, co), 
W,(f; x) = Jz I”, exp( --A(24 - x)‘/2)f(~) du. 
These are the Gauss-Weierstrass operators. 
2. When q(x)=&, {A, B} = [0, co), then 
are the so called Szasz-Mirakjan operators. 
3. For q(x) = ,/x( 1 -x), {A, B} = [0, l] we obtain the Bernstein 
polynomials 
Xk(l -X)R-kf (n = 1, 2, . ..). 
4. The choice q(x) = ,/l+x), (A, B} = [0, co) gives the Baskakov 
operators 
and 
5. dx)=x, (4 B} = (0, a) g ive the Post-Widder operators 
(2) 
These are essentially equivalent to the gamma operators 
n+l o. 
G,(f; x) = > I epxu u”f(n/u) du 
. 0 
(see the analysis for them in [C&7]). 
6. Finally, with C&X) = Jm and {A, B} =(-co, co) we obtain 
the approximation process 
introduced by Ismail and May. 
4091132/l-16 
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We shall refer to l-6 as to the normalized exponential-type operators, 
and for the sake of simplicity we shall use a discrete parameter i. = n, 
n = 1, 2, . . . . but our results hold in the case of a continuous parameter, as 
well. 
K. Sato [S] proved that for our L’s (except the gamma operators) 
IL,(f; x) -f(x)1 d K(cp’(x)/n)” is equivalent to f~ Lip, 2~. (0 < tl < l), i.e., 
to the fact that the modulus of smoothness off is of order 0(h2”) as 
6 + 0. The aim of the present paper is to solve the analogous questions 
concerning uniform approximation. 
Let CE {A, B} and 
s 
B dt 
4= ( cpo’ g(x)= j‘yg. 
With these notations we have 
THEOREM 1. Let (L,} be any of the exponential-type operators. Then for 
every f E C( A, B} the following statements are equivalent to each other.. 
(i) L,(f)-f=o(l) unzformly on {A, Bj, 
(ii) if h -+ 0 then f(x+ hq(x))-f(x) tends to zero uniformly in 
xc {A, B}, 
(iii) the function fog-’ is uniformly continuous on (p, q). 
Remark. We shall freely use (iii) with another function h instead of g 
provided g 0 h ~ ’ and h 0 g ~ ’ are uniformly continuous (cf. [6, Remark]). 
By this change we can increase the legibility of our formulas. 
The next result settles the saturation case. 
THEOREM 2. Zf L, is an exponential-type operator and f E CIA, B}, then 
L,(f) -f = o( l/n) holds untformly on {A, B} tf and only tf f is linear, 
furthermore, L,(f) -f = 0( l/n) holds untformly on {A, B} zf and only tf f 
has locally abolutely continuous derivative on (A, B) with Icp’f” 1 <K, (a.e.). 
Finally, the solution of the so-called non-optimal approximation 
problem is contained in 
THEOREM 3. Let L, be any exponential-type operator andf E C{ A, B). rf 
0 <a < 1 then the two statements 
(i) L,,(f) -f= O(n=) untformly on (A, B} and 
(ii) q’“(x) IAi(f; x)1 < Kh2” (h > 0, x f h E {A, B}) are equivalent. 
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TABLE I" 
)C” L(f) -f= 4 1) L(f) -f= w-‘) L”(f) -f= Ok-) 
f+f”, C(-co, co) f 
(-a a) If”1 <K Id:(f; x)1 Q Kh'" 
S", cco, CfJ) f(x2) 
w4 03) x if “(x)1 < K xr Id:(f; x)1 <Kh*" 
E,, C[O, l] f 
m 11 x(1 -X) if “(x)1 G K (x(1 -x))” I&f; x)1 $ Kh*” 
v,, cco, co ) f(e”-1) 
co, 00) X(l +X) If”(x)1 GK 
(x(1 +x))~ #(f,x)l qKh2” 
P. 9 w @2 )
f(e’) 
(-a co) 
x2 If”(x)\ <K x2’ Id;(fix)ix)l < Kk2" 
T,, C(-co, co) f (tan x) x* 
(-- -1 
(1+X’)If”(X)I<K (l+xz)l~d~(f;x)~~Khz” 
2'2 
LI K will denote constants that may differ for each occurrence 
Here 
4.A x) =f(x + h) - 2f(x) +f(x - h) 
is the usual symmetric second difference off: 
We mention that the equivalence of (i) and (ii) for the Bernstein 
polynomials was verified by Z. Ditzian [ 11. 
It is worth presenting our results for the normalized operators 1-6. In 
Table I “ix” is the abbreviation for “uniformly continuous” and every 
property is understood to be satisfied uniformly on the corresponding 
intervals. 
2. PROOF OF THE THEOREMS 
Let 11.1) stand for the essential supremum norm. Since for our operators 
the identities 
L,( 1; x) 55 1, L,( t; x) = x, L,( (t - x)2; x) = cp’(x)/n (4) 
are satisfied and, furthermore, the strong localization 
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I W(n, x, u)( 1 + u’) du = O(n I) b Xl>!~>O (5) 
unljbrmly on compact subsets of {A, B} 
holds (see [3]), we can apply the general results of [6]. 
By [6, Theorem 23, for the proof of Theorem 1 we only have to show the 
existence of a constant K,,.,’ such that IL:,(f; x)1 d K,,ficp(x) (x E (A, B)) is 
satisfied. Using (1) (which is, of course, understood in the distributional 
sense), (4) and the Cauchy-Schwarz inequality for positive functionals the 
proof is easy: 
By (5), Theorem 2 immediately follows from [6, Proposition 11. 
Finally, we prove Theorem 3 separately for the normalized exponential- 
type operators 1-6 above. In every case we use [6, Theorem 3, Corollary, 
and the remark made before it], according to which all we have to verify 
are the inequalities 
Ilcp2-G’(f; .)I1 G Kn Ilf I/ (fEC{A, B)) (6) 
and 
/I cp%;(f; . )I1 < K(Il$f”lI + llfll )(f~ C(A B),f’ E A&c) (7) 
For the Gauss-Weierstrass operators (6) and (7) to be directly verified, 
concerning the Szasz-Mirakjan and Baskakov operators, see [6]. (6) and 
(7) hold for the Bernstein polynomials, as well, but it is simpler to refer to 
[ 1, Theorem 2.1.1, since it states exactly what we want to prove. 
Thus, there remain only the PosttWidder operator and the operator 
introduced by Ismail and May. Let us begin with the latter. In this case 
q?(x) = 1 +x2, 
W(n, x, 24) = 
2”p2n 
7c(n - 1 )! 
(1+9-n’* lr(i+iy)l’ exp(nu arc tan x). 
Using Stirling’s formula [2, p. 471 
’ K will denote constants that may differ for each occurrence. 
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this is easily seen to be bounded by 
W*(n,x, U) = K &( 1 +x2)-n/2( 1 + u*)(“-I)‘* exp(nu(arc tan x-arc tan u)) 
(8) 
Let us consider first (7). Simple calculations show that 
-$w(n,x,u)=+ 
[ 
24+(x) - (x - u) + n$2yx;)2 - l] W(n, x, u) 
cp (x) v(x) 
n 
[ 
2x 
- 
=1 1+x2 
(x - u) +y;;’ - 1 1 W(n, x, 24) (9) 
and 
s 
m v* Wn, x, u) 
ax* (x-u)‘du=O for i= 0, I -cc 
(see also [IS, pp. 36373). And so, by Taylor’s formula 
f(u) =f(x) +f’(x)(u - x) + j” (u - T) f”(T) dr, 
x 
we get that 
X (u - t)f”(z) do du < K Ilcpzf”ll j_“, R(n, x, u) 
where we used the abbreviation 
R(n, x, u) = n 
If -4<x<4 then 
l{;~d+K,~ 
and so 
I<K n T,((u-x)$x)+ 
cp20 
&T.((u-x)‘;x) 
bee C5, (311). 
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We shall prove the same estimate for .Y> 4; the case x < -4 can be 
treated similarly. We split the outer integral in I into three parts: 
I,=?” > 
\4 ~2 
12= , 
i 
I,= 
\I4 2 i‘ i( 
InI, wecanuse(ll)withK,=16andsoZ,~Kexactlyasin(12). 
In I, we have 
and 
R(n, x, u) d Kn2. 
Since W(n, x, U) < W*(n, x, U) (see (8)) and W*(n, x, U) as a function of u 
increases on the interval [ -2, x/4], it follows that 
z2 Q Kn2 W*(n, x, x/4) s12 logs du. 
Here 
and, since 
s 
.x/4 1+x2 
1% 7 
2 l+u 
n X 
4 
arc tan x - arc tan x 
4 
<n 
we obtain 
Z2 < Kn2( 1 +x2)-l/2 
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Finally, 
I, d K I-* n2(1+u2)&(1+x2)-“‘2(1+~2)(‘~1)12exp(nuarctanx) 
-00 
x((1+U2)+(1+X*))dudKx-“+%z~‘* s 
-* ($I+3 
--oc 
( 
n+3 1 +u* 
x exp yog u2 -+nnuarctanx 
1 
00 
<Kx-N2 n5/2 
I un + 3 exp( -nun/S) ~$4 2 
< Kx-“+* n5”(n + 3)! (8/m)“+4 
< Kxpnf2 n2(8/m)“+4 6 K (nB2). 
Summing up our estimates we can see that Z is uniformly bounded and 
so (7) has been verified for the Ismail-May operator. 
The proof of (6) is easier: by (9) 
and we have completed the proof for the Ismail-May operator. 
Now let us consider the Post-Widder operator (2). For this q(x) = x 
and 
Using (9) and [S, (3)], the proof of (6) is exactly the same as before. 
Writing p, in the form 
n 
~.(f;x)=(~~ l)! s om epnuU “-‘f(ux) du, 
a formal proof of (7) is easy: 
Ix’p,“(f; x)1 = I& lorn e-“” u”-‘(ux)*f”(ux) dul 
= IP,(cp*f”; XII d II v2f” II. 
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We omit the justification that here the differentiation under the integral 
sign is permitted since a similar argument can be found in the proof for the 
gamma operators (see [7] ). 
The proofs are complete. 
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